ABSTRACT. Let v be a potential in the unit ball of R", and jrv(v;r) be its pth order mean over the sphere of radius r centred at the origin. It is shown that, as r -* 1-, the function f(r) = (1 -r)(n_1)(1_1/p).-<fp(v;r) has limit 0 when 1 < p < (n -l)/(ra -2), and has lower limit 0 when n > 3 and (n -l)/(n -2) < p < (n -l)/(n -3). This extends a result of Stoll, who showed that, when n = 2 and p = +oo, liminfr-.1-f(r) = 0. Examples are given to show that the theorems presented are best possible.
Introduction
and results.
THEOREM A. If v is a (Green) potential in the unit disc, then lim inf (1 -r) sup v(re'e) = 0.
r->l-O<0<2tt
In the special case where v --log |B| and B is a convergent Blaschke product in the unit disc, Theorem A is due to Heins [1] (see also [3] ). The result for general potentials was only recently established by Stoll [4] (see also [2] ). It does not have an obvious analogue for potentials in the unit ball of Rn (n > 3), for such functions can be valued identically -f oo on a given radius.
We denote an arbitrary point of Euclidean space R™ (n > 2) by X = (x\,..., xn) and put [X\ = (x2 + • • • + x2)1/2. Let B(r) = {XeRn: \X\ < r), S(r) = {X e Rn : \X[ = r}, Airx,r2) = {X eRn : rx < \X\ < r2}, and let â denote normalized surface area measure on Sir). If / is a nonnegative measurable function on Sir), define J?Pif;r) = U f*dc\ (p>0) and 4»(/;r) = sup{/(X):Xe5(r)}.
As will be seen below, Theorem A has the following analogue in higher dimensions:
lim inf (1 -r)jr(n-X)/(n-2)(v\r) = 0 for any potential v in 5(1). However, recalling the well-known property that -#i(u; r) -► 0 as r -* 1 -, it is natural to consider the limiting behaviour of ^p(v; ■) for other values of p. This leads to the following results. THEOREM 1. If v is a potential in B(l) C Rn (n > 2), and 1 < p < (n -l)/(n -2), then (1) il -r^-W-Vrtjtpivir)-+0 (r-+l-).
THEOREM 2. If v is a potential in 5(1) c R" (n > 3), and in -l)/(n -2) < p < in -l)/(n -3), then (2) liminf(l-r)("-1)(1-1/p)^p(t;;r) =0.
r->1 -
In later sections of the paper we prove Theorems 1 and 2 using ideas from another paper by Stoll [5] . First we mention some examples to show that these results are best possible. EXAMPLE 1. 7/0 < p < 1 and v is a potential in 5(1) C R" (n > 2), it is a simple consequence of Jensen's inequality that JKPiv;r) -»0 as r -» 1 -. However,
neither (1) nor (2) hold. To see this, let ß = min{l, (n -l)(p_1-1)}. Since (1 -|X|) is a potential in 5(1) and ß G (0,1], it follows easily that uo(-^) = (1 -1-^1)^ îS also a potential in .5(1), but
EXAMPLE 2. If n > 3, i/iere ¿s o potential v in 5(1) suc/i í/iaí ^,(tj;r) = +oo for all p > (n -l)/(n -3). In fact, if n = 3, let u(X) = -log(x2 + x2), let h be the greatest harmonic minorant of u in .0(1), and define v = u -h. Then v is a potential and it is easy to see that ^oo(v;r) = +oo. If n > 4, let w(X) = ix2 -Y ■ ■ ■ + x2)(3-™)/2, and define the corresponding potential v as before. Straightforward estimates show that J?Piv; r) = +oo for p > (n -l)/(n -3).
It is also easy to see that, if in -l)/(n -2) < p < (n -l)/(n -3) and the measure associated with a potential v in 5 (1) Details may be found in §5.3.
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2. Two preliminary lemmas. 2.1. Let O denote the origin of R" and X* be the image of a point X under inversion of centre O and radius 1. We use G(-,-) to denote the Green kernel of 5(1) so that, in the case n = 2,
and in the case n > 3,
We recall that there is a one-to-one correspondence between potentials v on 5(1) and measures p on 5(1) which satisfy
For the remainder of §2, we will assume that either n = 2 and p > 1, or n > 3 and 1 < p < (n -l)/(n -3). It will be convenient to let a = (n -1)(1 -p_1), which clearly lies in the interval (0,1) when n = 2, and (0,2) when n > 3. Also, Cia, b,c,...) will denote a positive constant depending at most on a, b, c,..., not necessarily the same on any two occurrences. Thus, letting p = |Y| we have, for any n > 2,
Let E(r) =
/ [G(X, Y)]p d»{X) < C(n,p)(l -r)"Qp Js(r) x r sin""2 ${{p -rcos6)2 -Y (r sin ö)2}(1-"-p'/2{(l -r2)(l -p2)}p dB Jo = C(n,p)(l-r)-ap{(l-r2)(l-p2)}p /•OO x / <"-2(l + i2)(p+1-"'/2{(p -r)2 + ip + r)2i2}d-"-p)/2 dt,
Jo
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use using the substitution t = tan(ö/2). Hence, if k = |p -r|/(p + r) and r > ¿,
by means of the substitution t = /ex. Thus ( 
4) (l-r)^p(G(^Y);r)<G>,p)(l-|Y|) (Y G 5(l)\5(r)).
Now let e > 0 and choose R G (0,1) large enough to ensure that [l-|Y|)dp(Y)<£. 
The n > 3 case of the lemma now follows easily on taking pth roots and noting that log{(l -r)/\p -r\} > log4 > 1.
The n = 2 case of the lemma is more straightforward, as here we have 0 < a < 1.
Since G{X,Y)<log{l+2{l-r)/\Y-X\}, it follows as before that
We split up the integral in (6) ./E(r)
in the light of (3).
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4.1. If p is a measure on 5(1) satisfying (3), we define a finite measure p* on 5 (1) by dp*(Y) = (1 -\Y\) dpiY). 4.2. We now prove Theorem 2. Let n > 3 and (n-l)/(n-2) <p< (n-l)/(n-3), so that 1 < a < 2, and let p be the measure corresponding to the potential v. We give below the argument for 1 < a < 2, the case a = 1 being similar.
As in §3,
-¡a-l dp*{Y) / iivl I dp*iY)<2Midp*k)irk)il-rk)a-1 / xl~a dx JE(rk) L\\Y\ -rk\] Jo = C(n,p)(l-rk)M(dn*k){rk).
<E(rk
Since, from Lemma A il-rk)Midp*k){rk)<24p*iAih)), it now follows from (7) that 
Jo
